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Limit Theorem for the Distribution of 
Eigenvalues of the Operator of Energy 

M. S. Goldstein 1 
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We prove the central limit theorem for the distribution of eigenvalues of the 
energy operator of a continuous quantum mechanical system. We consider one- 
dimensional and multidimensional systems. 
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1. I N T R O D U C T I O N  

In the present paper we prove that the distribution of eigenvalues of the 
energy operator of a system of quantum particles in the box A c R v, 
interacting through a two-body potential, is subjected to a Gaussian law if 
A ~ ~v, N ~  o0, I A I - 1 N ~ d .  We consider the Fermi and Bose systems at 
all values of the density d in the one-dimensional case and at small values 
of the density in the multidimensional case. The exact formulation of the 
problem and the results are given in Section 2. The basic tool we used in 
the proof of limit theorems in the present paper are the reduced density 
matrices, which were introduced and investigated in the multidimensional 
case by J. Ginibre ~1 3~ and in the one-dimensional case by Yu. Su ch o v .  (4-6) 

One can easily write formally the moments of the distributions which 
interest us in terms of derivatives of the reduced density matrices with 
respect to the parameter fl (inverse temperature). In Refs. 1-6 it is shown 
that under some hypotheses the reduced density matrices can be written in 
terms of Wiener integrals, such that one can go to the limit as A ~ ~ in 
the corresponding formulas. The parameter fl is contained in these Wiener 
integrals in a standard way. Thus in order to compute the moments of the 
investigated distribution, we must first get the expressions of the derivatives 
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with respect to the parameter fl of some Wiener integrals. Section 3 is 
devoted to this purpose. By using the above-mentioned expressions of the 
reduced density matrices and the results of Section 3, we obtain the 
derivatives with respect to the parameter fl of the reduced density matrices, 
and prove the existence of the limit of these derivatives, when the volume 
tends to infinity. From these results we derive the central limit theorem in 
the grand ensemble, and then we prove the central limit theorem in the 
ensemble of N particles by using the well-known method of proving the 
local limit theorem for the number of particles. (7'8) The one-dimensional 
case is considered in Section 4, and the multidimensional case in Section 5. 

In the case of noninteracting particles the problem was solved in Ref. 9 
for the Maxwell-Boltzmann statistics. 

The author expresses his gratitude to Ya. G. Sinai for stating the 
problem and for his concern about the work and also Yu. M. Suchov for 
valuable discussions. 

2. F O R M U L A T I O N  OF THE PROBLEM A N D  RESULTS 

We shall consider a system of N quantum particles in a box A c R v, 
which is described by the Schroedinger equation 

--ly~Aj~o(xl,...,xN)+ Y~ V(xi-xj)~o(x~,...,xN)=Eq,(x,,...,xN) (2.1) 

where ~0 is a function of the variables x s ~ A, Aj is the Laplacian with 
respect to appropriate variables, V(x) is the potential. Let HN,/I,B , HN,A, F 
denote the self-adjoint operator, defined by equation (2.1) and the null 
boundary conditions in the space L2+ (A N) of the symmetric functions (Bose 
statistics), and L2(A N) antisymmetric functions (Fermi statistics), respec- 
tively. All formulations and results which we give below, are correct for 
both statistics. Therefore we shall omit the indexes B, F. It is well known 
that under wide hypotheses the spectrum of the operator HN, A consists of 
eigenvalues of finite multiplicity E~(N, A)<~Ez(N, A)~<--'; moreover, for 
all f l>0  

Q(N, A, fl)= ~ exp[-flE,~(N, A)] < +oo (2.2) 
K 

Fix fl > 0. Then the mean value of the energy (HN, A) is computed by the 
formula 

(HN,A)=Q(N,A, fl) I~E~(N,A)exp[-flE~(N,A)] (2.3) 
K 



Limit Theorem for the Distribution of Eigenvalues 331 

and the probability P~(N, A), that the system be situated in the state with 
energy E~(N, A) is computed by the formula 

P~(N, A)= Q(N, A, 3) i e x p [ - 3 E ~ ( N ,  A)] (2.4) 

Consider the following distribution function: 

FN, A(X) = ~ P~(N, A) (2.5) 
[_E~.(N,A)-- ( HN, A)  ]/IAII/2 < X 

where ]AI is the volume A. We shall demonstrate that under some 
hypotheses the distribution FN.A(X) tends to some gaussian distribution if 
A---, oo in the sense of Ref. 10 (p. 30), IAF ~N--*d. We shall assume that 
the potential V(x) belongs to one of the following classes: 

(A) V(x) is a continuous function bounded from below for Ixl > 
co>0,  V(x)= +oo if IxJ ~<c0, i.e., Vhas a hard core of radius Co, and there 
exists an c~ 0 > 0 and monotonically decreasing function VI(*), ~ >~ C~o, such 
that I V(x)l ~< Vl(Ix[) if jxl >~%, 

(.oo 
J~0 V,(e) ~v 1 d~ < +oo (2.6) 

(B) V(x) is a continuous, nonnegative function for jxl > 0, and 

f [V(x) ldx<  + ~ ,  where ~ o > 0  
x [  > :~0 

Note that under our hypotheses there is a constant B > 0  such that if 
I x i -  xj[ ~> co, i, j = 1, 2,..., m, i v a j, then 

V(xo - xj) >1 - B  (2.7) 
J 

Let us consider the following quantity: 

{ (HN.A -- { HN,A })2} 

=Q(N,A ,  3 ) - I ~ [ E ~ ( N , A ) - ( H N ,  A} ]2exp[ -3E~(N ,A) ]  (2.8) 
m 

T h e o r e m  1. Let v = l ,  V~(A),  and let V(x) be finite, A ~ ,  
[A[ l N-~ d < co 1. Then 

lira jAt-~{HN, A) =ho,  lira [At--I{(HN, A -- {H,v,A ))  2) = go (2.9) 

and if go ~ 0 then 

lim FN, A(X) = (2~go) -~/2 exp(--t2/2go) dt (2.10) 
- o o  
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T h e o r e m  2. Let v be arbitrary, V~(A), or V~(B), A---,o% 

(2.11) 

I A[ - ~ N ~ d. Then there is an So > 0 such that if d < So then 

limlAI l ( e u ,  A ) = h  o, l imIAI-I ( (HN,A--(HN,  A ) )2 )=go>O 

;x 
lim FN, A(X) = (2~g0)-m e x p ( -  t2/2go) dt (2.12) 

--oo 

Let us consider the grand canonical ensemble. Let ~ + ( A ) =  �9 L~(A N) be 
the Fock space over A, N be the operator of the number of particles, 
HA = | HN, A be the Hamiltonian. Let 

( H  A ) ---- Z(A, z, ~) 1 ~ z N  ~ E~(N, A) exp[  -flE,~(N, A)] (2.13) 
N I,: 

((HA -- (HA))2)  = Z(A, z, fl)-I ~ z N ~ [E,~(N, A ) -  (HN, A )]2 
N tc 

x expJ--flE,~(N, A)] (2.14) 

FA(x)=Z(A,  z ,  ]~ ) -1  ~ z  N 2 exp[- /~E~(N,  A)] (2.15) 
N [E~(N,A) - ~HA)]/[AIU2<x 

where z > 0 is the activity, and 

Z( A, z, ~) = ~ z u ~ exp[- - ~E,~(N, A)] (2.16) 
N 

is the grand partition function. 

T h e o r e m  4. Let V be the same as in the Theorem 1. Then 

lim [A] I ( H A ) - - - - ~ / 0 ,  lim [AJ I ( ( H A - - ( H A ) ) Z ) = f f ,  0 (2.17) 
A~cx3 A~a(3 

and if go # 0, then 

lim FA(x) = (2~o)  -1/2 exp(-- t2/2g0) dt (2.18) 
--ao 

T h e o r e m  4. Let V be the same as in Theorem 2. One can find 
z o > 0 s u c h  that f o r 0 < z < z  o 

lim IA1-1(HA) =]~o, lim [A]-~((HA - ( H A ) )  2 ) = g o > 0  (2.19) 

;x 
lim FA(x ) = (2~0)  -t/2 exp( -- tZ/2go) dt (2.20) 

--ao 

The proof of Theorems 1-4 is based on results related to the reduced 
density matrices of the systems, which were obtained in Refs. 1-6. Let 
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PA(X m, ym) denote the m-point reduced density matrix of the system, which 
is defined as (see Ref. I, p. 243) 

c~ zrn + s 
PA(xm, ym)=Z(A,z ,  fl) -1 2 - - T f a  du" 

5 = 0  s 

x ~ (+)H" exp[--fiHm+=,A] [xmu=,H(ymu')] (2.21) 
/7  

where xm=(xl , . . . ,x~)~R ~, y~=(yl , . . . , ym)eR ~m, u==(ul ..... u=)eA =, 
exp(__flH(N0]A)(X u, yS) denotes the kernel of the operator exp(--fiH~)A), 
H (~ is the self-adjoint operator, defined by equation (2.1), and null boun- N,A 
dary conditions on the space L2(AN), the second sum runs over the 
elements of the symmetric group S~+, ,  (+)17 is + 1 for Bose statistics, and 
the signature of the permutation H for Fermi statistics. We shall obtain the 
following results concerning the reduced density matrices. 

T h e o r e m  5. Let V be as in Theorem 1. Then the derivatives 
C?~+~'pA(X, y)/afl~ ~?Z ~ exist and 

lim Or+~CpA(X' Y)-O~+~P(X' y) 
A ~ co (~r  ~Zk (~r  (~Z~ 

(2.22) 
fA 6~r+~c 63r+~zz-lp(O, O) Alim jA I 1 z-~pA(X, X) d x -  ~?3r ~z = ~?~r OZ K 

where p(x m, ym) a r e  the limiting reduced density matrices m, ~c, r = 1, 2 ..... 

T h e o r e m  6. Let V be the same as in Theorem 2. Then there is a 
z0 > 0 such that for tzl <Zo the derivatives 63r+~pA(X , y)/63fl r 63Z ~: exist and 

lira U+~pA(Xm' ym)= U+~p(xm, ym) 

(2.23) 
fA ~r+~: ~r+uz--lp(O, O) 

A-~oolim IAI ~ ~?~;-&;Z-IDA(X , x) dx= Off r Oz ~ 

where r =  l, 2, 3, m, • = 1 , 2  ..... 
The proof of Theorems 5 and 6 presents specific technical difficulties. 

Namely, it is well known that the kernel e x p ( -  fiH(N~ N, yN) can be writ- 
ten by means of the Feinman-Kac formula (see Ref. I, p. 249) 

N 

exp(--flH~,)A)(X N, yS) = f P~N'S(&oN) H ea(c~ 
j = l  

xexp[- - i [U(coX(s ) )ds  ] (2.24) 
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where P~,~(dtl)is the conditional Wiener measure, on the trajectories r/(S), 
eA(~/) the indicator functional of the set of all trajectories which lie in A, 
x N =  (X 1 ' ' ' ' '  XN), y N  ~. ( Y l  ..... YN),  CON = (COl ..... CON) 

U(wN)= ~ V(wi--wj) (2.25) 
i ~ j 

Thus we must compute the derivatives of the integrals of type (2.24) with 
respect to parameter ft. Integrals of such type were studied in the 
works, ~11"12) but their results are insufficient for our purposes. In Section 3 
we shall obtain the necessary results, concerning these derivatives. 

3. DERIVATIVES OF THE WIENER INTEGRALS WITH 
RESPECT TO P A R A M E T E R  

Let x, y ~ R q, fl ?> O, ~'2(X, y, fl) be the set of all continuous trajectories 
co(s) in R q, 0 <~ s <~ fl such that co(0)= x, co(fl)= y; P~.v(dco) is a conditional 
Wiener measure on f2(x, y, fl) with the total mass p(x, y, fl), where 
p(x, y, fi) = (27zfi)-q/2 exp[ - (x - y)2/2fi] is the Wiener transition function. 
Let A be a region in R q, U(z) a continuous, bounded from below real 
function on A. Put 

where 

(3.1) 

O:A(CO)=lifco(s)6A for a l l s e  [0, fl] 
(3.2) 

C~A(CO ) = 0 otherwise 

k e m m a  3.1. The function K(x, y, fl) has an analytical extension 
with respect to the parameter fi, in the domain Re fi > 0, and moreover 

IK(x, y, fl)] ~< exp(Re ft. B)(27rRe fl)-q/2 (3.3) 

where B = inf U(z). 

Proof. Let the domain A be bounded. Let H be a self-adjoint 
operator, defined by the expression H =  - A  + U(z), where A is Laplacian, 
with null boundary conditions. Then, due to the Feinman-Kac formula 
K(x, y, f i )=exp ( - f lH) (x ,  y). By using the Mercer theorem, we can write 
the continuous positive definite kernel K(x, y, fi) in the form (see Ref. 13, 
p. 326) 

K(x, y, f i ) = ~  exp(--flEK) q~(x) ~o~(y) (3.4) 
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where E~ are eigenvalues of the operator H and q)K are the corresponding 
eigenfunctions k = 1, 2 ..... If Re fl > 0 then 

lexp(-flE,~) ~o,~(x) q~(y)[ 

~< Zexp( -Ref lE~) ]~o~(x) l  2) [Zexp(- -Ref lE~) l~o~(y) l  2 
\ K 

= [K(x, x, Re fl)]l/2[K(y, y, Re ]~)] 1/2 

~< exp(Re fiB)" (2~ Re fl)-q/2 (3.5) 

If the region A is unbounded, we can use the compactness principle for 
the families of analytical functions. The Lemma is proved. | 

Corollary 3.2. The function K(x, y, fi) has derivatives 
8rK(x, y, fl)/Sfl r, r = 1, 2,..., and the following estimates hold for fl > 0: 

OrK(x, y, fi) 
8f l  r ~ Crqfl r exp(2flB) p(x, y, Ap~) (3.6) 

where B = inf U(z), cr constant. 

Proof. By using the estimate (3.3), and Cauchy inequalities for the 
derivatives of an analytical function we can write 

Further, 

8B r ~< r! �9 exp(2flB)(zrfl) -q/2 

~K(x_, Z, B)l 
~ g) ~(IK(x, y, fl + c~)l + lK(x, y, fl)l) 

+ m a x  [82K(x,y,~)/872j 
Iv-fir  <cs 

(3.7) 

(3.8) 

where 6 > 0 .  Put 6 = e x p [ - ( x - y ) 2 / 4 f l ] .  By using (3.7) and (3.8) we can 
obtain the estimate in the needed form, for the first derivative 
OK(x, y, fl)/Sfl. Analogously, one can obtain the estimates (3.6) for the next 
derivatives. | 

Let x, y, A be the same as above, ]11 ~> 0, ]12 ~ 0,..., ]1q ~ 0 are integers, 
let U(xlo, xn,..., x1~1, x2o, x21,..., x2~2,..., xq~q) be a continuous bounded 
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from below real function on A c R zu,+ ~, and m l ( z ) ,  W2(z),. . .  , m n ( z  ) boun- 
ded continuous, integrable functions on A. Consider the following integral: 

?r (' 
L(x, f l )= II " ' ' |  p ( l +  I.q)fl,d(y3 ~ e ( ] +  t,2)15[d(.L) , . . .  p(l +#q)fl - + , ~  (d%)  Y, -t x,,.v, 1, W l ]  x2,Y2 \ 2 )  do o 

X ~A((DI( ' ) ,  (DI("-~-~),... , (DI("-}-]~l/~), (D2("), 

cog.+f l )  ..... co : ( -+~d~) , . . . , c%(-+~p) )  

~ If/~,+,,~+~,~, ~,s +~,~,),, +,s+ ~,~,,, ~s] 
i=1 

X expf--  ~U(COl(S),(.Ol(Sq-fi),...,COq(S+#qfi))ds I 

(3.9) 

where 0 ~< k .  ~< & are some integers, fl > O. 

Lemma 3.3. The function L(x, y, fl) has derivatives OrL/Ofl r r = 1, 
2,..., and the following estimates hold: 

0~L(x_L Y, fl) 
0fi" 

<~ (gr)U+2L~'qr- fl ~ exp(2flB) /R~ /R "" /R dzH dz,z'-- dzl~ t 

~z2~ . . . . . .  ~z~ ~ r /~, , f~,~ i ~ ds, 
gl ....,gn ~O ~'s" ~ n - ,  

1l 

X JR"q+''''JR"u +' duO) ' "du(" ) ' "dv(1) ' "dv(n)  . . . . . .  dw(l) '"dw(n) 

~" (J) w(J) ~J 
j = l  

E ~,+1 ] • p ( X I '  b/~ 1)' SI) ~ I  P ( Z l j '  ?d) I)' S1) 
j = 2  

~+I-I p(u}'>, , ;  , (s2 ... 
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#t+l 1 X ~J 1) k-j~! P(U(rnl--2)' l'l(m'-- ( S m l - 1 - - S m ' - 2 ) )  

X p (x2  ' /)]1) 5,1) H P(Z2J ' ~)(1), S,) 
,/~ 2 

I/q§ 
X L, .]~1 PO))('I )' /)}2)' ($2 -- S ' ))] ' ' '  

where e~ are constants ,  g , # & ,  and if for example  
cor responding  integrat ion is absent.  

#1=-0  

(3.1o) 

then the 

Proof. We consider  for simplicity the case p~ = #2 = " "  = O. Let  

L ( x , y , ~ ) = f ~ d S l f f d s 2 " " (  fl dsnfP~,y(dco)O~A((D) 
1 V s ~  ~ 1 

j=l 
(3.11) 

Let us est imate the derivatives uL/c~fi ~. Let e---fl/n + l. We have 

fs x ds,,+ 
.n-1 

+ ds~ ds2"'" ds, P{,y(dco) o~a(co ) 
1 n--2 

• Wl(co(s~)) W2(co(sa))"" %(co(s.)) 

x e x p l -  f f  U(co(s))ds ] 

[3 dsn -~ aS1 ds2 as3*'" 
.n-I '+g 2 

fo:f],+~ fs,,,_2+~ f,o + dsl ds2"'" dsn_ 1 dsn 
1 n--2 Sn--l+g 

(3.12) 

Let x~,...,xmeR e, O < s 1 < " "  <sm<fi, cooeO(x, xl ,sl) ,  cole 
O(xl, x> s2 -  sl),..., COm e f2(Xm, y, fi-- Sm) and (coo,-.., corn) denote  the tra- 
jectory co E f2(x, y, fl) such, that  

o(s)=coo(s)forO<~s<~s~, co(s)=co/si+~-s)forsj<~s<~s~+l 

j = 1, 2,..., m -- 1, co(s) = com(fl - sin) for s,, <. s <~ fi (3.13) 
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Then for any functional f(co), which is integrable with respect to P~,y(&O), 
the following formula: 

f P~,y(&O) fie)) 

f~2 P:~" rl(d~176 P2Lf'(dah)"" PS~-'~-q&~ - ~) x 
. , .  . , .  x m _  l , X m  ~ w m  (Xm, y,~ - Sm ) 

f l  - -  s m x P ..... (&om)f((o)o, col ..... COrn)) 
(3.14) 

holds. By using this formula, we obtain 

x Wl(O)(s,), W2(co(s2),-" W~(co(G), ex p [ -  ;; U(co(s), ds] 

=;~dSl ;~ i l+ads2""; f : i "22+C"dSm_l;s l l_ l+edSm;~dsm+l" ' ;2_ ldSn  

• WI(XI) W2(x2)"" Wm(Xm) 

Px~ (d~) ~(Ox) 
x ~ A ( c o g '  �9 �9 ~ ( c % )  c~.~(~) w , ~ +  ~ ( n ( s ~  + ~ - s , . ) )  

X Wm+2(~(Sm+2--Sm) ) "'" Wn((s ) 

= e x p [ -  f f  U(co,(t))dt-fo2-~" U(e92(t))dt . . . .  

_ f]..,-s~ ' U(o)m(t)) d l -  f~ "~ U(tl(t)) dt] 
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Sl+&l Sm 2+g fl 

=f0 dSlfst ds2""flm_2 dsm ifsm_l+e dSmf dx ldX2" ' 'dXm 

x W~(x,) W2(X2)'''Wm(Xm) 

X K(X, x,, s~) K(x,, x2, s2-s~)"" 

xK(xm 1,Xm, S m - S m _ l ) t m ( X m ,  y, 13-Sm) 

where the function K is defined by (3.1), and 

Lm(~,rl, r ) = f  P~,~(dco)c~A(oO) fodSl f[ ds2"" 
1 

fs • ds~_,.W,.+l(~om(S,))"" W.(~o(s~ m)) 
n--m 1 

x e x p [ - f o U ( O ) ( s ) ) d s  j 

~, ~ leR q, r>0 .  Put Sm=13--t  in (3.15). Then 

ds i ds z " " ds ,,, _ l ds m ds m + 1 "'" 
1 m-2 Sm-I +~ Set 

js x ds. f P~'-v(dc~ eA(CO) 
n-I 

X W ' ( ( ' O ( S I ) W 2 ( ( ' ~  mn((J)(Sn))exp I -  f ;  V(o~)(s))dS] 

= 1 ds2"'" dsm- l dt 
I m - 2  ~  

" d X m m l ( X l ) ' ' ' W m ( X m )  

x K(x, x~, s,) K(x~, x~, s ~ - s ~ ) ' -  

63 fs, ds2 " " " x - ~ K ( x . , _ ~ , x ~ , 1 3 - t - s . , _ , ) k m +  ds, j~,, o,-~ 

339 

(3.15) 

x K ( x ,  x l , s ~ ) K ( x , , x 2 ,  s 2 - s l ) " ' K ( x m  2, X , , -1 ,Sm-I - -S , , ,  2) 

X K(xm_l ,  Xm, e)" Lm(Xm, y, I 3 -- S~_ ~ -- e) (3.16) 
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where ~ is a 
follows immediately from (3.19). Further, we can differentiate the relation 
(3.16) with respect to fi, and by means of (3.19) get the estimate 

~(~,  7, ~) (~f12 { 

<.e~-~exp(2,B) f~ ds, f 'ds~'" fl ~ ds., E ff ... f d~l'"d~. 
Sl n-1 ml<m2 

X ~I Wi(x) p(x, Xl, S l ) ' ' 'p (Xmt_2,  Xml_l, Sml_ 1-Sml_2) 
i 

X p(x,q_ 1, Xml , 8(Sml--Sml 1)) p(Xm,, Xml+l, Sml+l--Sml)"" 

X p(Xm2_l, Xma , 8(Sm2- Sin2_ 1)) p(Xm2, Xm2+ 1, Sm2+ 2--Sm2)''" 

(3.19) 

x p(Xm-Z,  Xm 1,S,, , - - S m - 2 ) p ( x m  1,Xm,4(Sm--Sm 1)) 

X p(Xm, X m + l , S , , + l - - S m ) ' ' ' p ( x n ,  Y, f i - - G )  

constant. The necessary estimate for the derivative ~L/~fi 

340 

Note, that f i - t - -Sm_  1 >~ in (3.16). Hence, by Corollary 3.2 

[ OK(xm_l ,  Xm, f l--  t - - S m _ l )  

<~ Cql e ~ exp[2(fl -- t -- Sm- 1)B] p(Xm 1, Xm, 4(fl -- t -- Sin-- ,)) (3.17) 

In addition 

K(u, v, z) ~ exp(zB) p(u, v, r) 

ILm(u, v, v)l ~< exp(zB) dsm+ 1 dsm+2... 
m+l 

(3.18) 
X f s i _ l d S n f A ' " f A d X m + ~ ' " d x n  

x p(u, x m + l , S m + l ) p ( X m + l ,  Xm+2, Sm+z- -Sm+l ) ' ' "  

x p(x., v, z-sn) 

From (3.12)-(3.18) we have 

OL(x, y, fl) ~ p 
0fi ~< cqe-1 exp(2fiB) fo ds~f,P~ds2""fln_~ dsn 

X L f f " ' f d X l " " d x  n 
m 

X [ l  IWi(xi)l P(X, X l , S l ) p ( x l , x 2 ,  s 2 - s l ) "  
i--1 
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from which immediately follows the necessary estimate for the derivative 
82L/Sfl 2, and so on. Thus one can get the necessary estimates in the case 
/q =#2 = - . - = # q = 0 .  Starting from this it is possible to deduce the 
analogous computations in the general case. The Lemma is proved. | 

L e m m a  3.4. The derivatives UK(x, y,/?)/8/? r can also be estimated 
in the following way: 

arK( x, Y, /?) < r ..~.)~ [K(x,x, /?)] 1/2 K(y, y,/?) 

+ (rc/?)-q/2exp[--~()o--B)]} 1/2 (3.20) 

where B=infU(z), ) .>max(B, 4r/?-~), r =  1, 2 ..... 

Proof. Let H be the same as in the proof of Lemma 3.1. Let us write 
the function K(x, y, fl) in the form (3.4). For the eigenvalues E~ of the 
operator H the inequality E ~ > - B  holds. Hence, we have for 2 >  
max(B, 4r/?- l) 

~ E~ e x p ( -  flE~.) q%(x) ~o,~(y) 

I ~  71/2[- q 1/2 
~< exp(-f lE~) [(p~(x)laJ ~ E2rexp(-flE~)](pK(y)l 2] 

K 

~[K(x,X, fl)]t/2[,)~2r" E exp(--flEK) }r#~(y)121 

+ [max E 2~exp(-/?E/2)] ~ exp[ ( - /?E , j2)  I~o,~(y)12] ~/2 
E>Z E~>2 

<<, )Z[K(x, x, fl)] ~/2[K(y, y, fi) + exp( - fl2/2) K(y, y,/?/2)] 1/2 

The Lemma is proved. | 

4. PROOF OF T H E O R E M S  1, 3, A N D  5 

First we prove Theorem 5. To this end we now obtain some rough 
estimates for the derivatives of the reduced density matrices with respect to 
the parameter/?. Let V(x), pA(x m, y~) be the same as in Theorem 5. 

822/40/1-2-22 
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L e m m a  4.1. The functions pA(X m, ym) have derivatives 
U+~p~(x~, ym)/~fir OZ ~ with respect to the parameters fl, z, and the follow- 
ing estimates hold: 

~r+tc 
~o___;7__r__r__r__r__r__r_7~_~z-~pA(xm, ym) <<. C . . . . .  (~, Z) IAI zr (4.1) 
vp az 

where c ..... (fl, z) are constants, sup{cr,~(/~,z):0</31<~fl~<f12<+oo, 
O<~z<~zl} < +oo. 

Proof. Let n <<. I AL 3/2. Let us estimate the derivative 

U f f  P~,. ~(dr m) PP..(dn") 

XOtA(Of",rln)exp[-ffU(com(s),rln(s))ds I (4.2) 

by means of Lemma 3.4, where u", ~a, U are the same as in (2.24). As long 
as U(w m, y") >>. - ( m  + n) Bo, n <<. [AI 3/2, we can apply Lemma 3.4 with B = 
(m + n)Bo,  2 = 2mBo tAI 2. By using the Shwartz inequality we obtain 

z~ f ff ~ ~,ar P~,.,..( dtl ) P~,/,(doo ) 
n ~ IAI 3/2 

X~A(com, rln) exp[-f fU(com(s) , t ln(s))ds]  

<~2mBolAl2r[ y, }zl"( du ~ L._<IAI3/~ n! J3. Ifjj P~,.,p(doom) p~,u.(d~1 ") 

x c%(o) m, tl ~) exp - Jo U(~176 rl"(s)) 

x ~ du"dj ( (  # m # . 
n ~< IA]3/2 

x o~A((.om, rln) exp [ -  f ;  U(tom(s), rln(s)) ds] 

+ (rcfl) -("+~)/2 [A[ ~ exp - 

2mBo exp(flmBo)(2~fi)-m/2" lzlm" IAI2r" Z(A, ]zl, fi) (4.3) 

where Z(A, Izl,/~) is the grand partition function. 
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If n > l A I  3/2, then we estimate the derivatives (4.2) by means of 
Lemma 3.1, and the Cauchy inequalities for the derivatives of an analytical 
function. We have 

I du_yfiTj j . px,,,,y~(dc o a ~ ) p..,~.(dtl ~ . ) CA(CO m ' tl" ) 
n > IA[ 3/2 

~< r! >~13/2._ (Tcfl)- (~ +m)/2 exp[2fl(m + n) Bo] IA 1" 

~< r! (~zfl) -~/2 exp(2flmB) 

x ~ ( z r c f l ' A l e x p ( 2 f l B ~  (4.4) 
n > IAI3/2 \ / F /  

Let 

,n pxm ym(&o ) p~. j (d t l  ) Z(A,  z, fi, x , ym) = - - 7 .  du ~ ~ ,~ ~ . 
n = O  n 

[; J x ~A(CO m, rl ~) exp -- U(com(s), tl"(s)) ds (4.5) 

It follows from (4.4), (4.3), that 

,m, l - m Z ( A , z ,  fl, x" ,  ~g,',m(fl) IAI2"Z( A, IzJ, fl) (4.6) 

where Cr,m(fi)is constant, IAt>,L.m(fi, z), and 2,..m(fl, Z ) i s  constant. 
Analogously, 

0' 
T-~ Z(A,  z, fl) ~ gT,m(fl) IAI2r Z(  A, Fzl, fl) (4.7) u p  

Hence, if z > 0 then 

f--~Z--mpA(X% p )  <~ - ~ Z  mZ(A, Z, fl, y " )  z, x r n  ' Z(A,  f l ) -  , 

+ z mZ(A, z, fl, x" ,  ym) ~_~ Z(A ,  z, fl) Z (A ,  z, fl) -2 

Cl,m(fl) IA] 2r (4.8) 
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where Cl,m(/3 ) is a constant. Analogously, one can estimate the other 
derivatives. 

Now we can prove Theorem 5. Let us consider for example the 1-point 
reduced density matrices pA(X, y). It follows from the results of Ref. 5 that 
one can find Sm=Si(Z,/3)>O such that if x , y ~ [ a , b ] ,  A = ( a - s , b + t ) ,  
A ' = ( a - s ' , b + t ) ,  A " = ( a - r , b + q ) ,  A " = ( a - r , b + q ' ) ,  sl<<.s<<.s'<~ 
s+ 1, s~ ~ q <<. q' <<. q + 1 then for fixed b -  a 

tz[-1 ipA(X, y)--pA'(X, y)] < exp(--s ~) 

lzl I IpA,,(x, y)--pA,,,(X, Y)I < e x p ( - t ~ )  

(4.9) 

(4.10) 

where cq =cq(z , /3)>0;  moreover if Iz] ~<za, 0<#1  <#</3'1 < +oo, then 
sup sl(z,/3)=g1 < +o% infc~l(z,/3) = ~1 >0.  Hence we can write 

1 g g y)  Iz l -  -~#A(X, y)---~pA,(X, 

~---~pA,#(X, y)--a--I[pA,#+~(X, Y)--PA,#(X, y)]  <~ Izl 

+ c - l l z l - 1  max Ip~,,(x,y)--pA,~(x,y)I 
I# 71~ < ~  

1 c~ x + l z l -  -~ PA',#( , Y)-- a--'[PA.#+~( x, y ) -  pA,B( x, y)] 

@2 
~<etZl -1 m a x  pA,#(x,y) +e -11zL-~exp(-s  a~) 

a2 y) 
+a  ]z1-1 max pA,,~(X, (4.11) 

Put ~ = e x p ( - J 7 2 ) .  By using the estimates (4.9) and (4.1), we have 

]z I I ~ p A ( x , y ) - - ~ p A , ( X , y  ) ~ < c o n s t l A , 2 e x p ( - - ~ )  (4.12) 

Analogously 

o p@ Izl ' #A,,(X, y)--~pA,,,(X, f) <~ const IAI2 exp ( -  ~ )  (4.13) 

Let A be the same as above and s = t ,  g 2 = ( a - s - k , b + s + q ) ,  g/> 
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k~>0, q, K integers. Put f2 j=(a-s- j ,b+s+j) , j=O,  1,2,...,k, @ + ~ =  
(a-s-K,  b+s+K+j) , j= 1, 2,..., q--K. Then, from (4.12), (4.13) 

,z, -I +pa(x ,  y ) - -~po(x ,  y) 

<~ fz'-i ;~i +P~J(x' Y)-~---fi paj§ y) 

~< const ~ (2s + 2j + b - a) 2 expr - (s + j )</2]  
/ =  0 

~< const exp( - s  ~2) (4.14) 

where ~2 > 0 is a constant. If s r t then 

Iz] -~ p,~(x, y ) -~pe (x ,  y) ~<constexp{-[min(s ,  t)] ~2} (4.15) 

Let p(x, y) be the limiting 1-point reduced density matrix. It follows from 
the results of Ref. 4 and inequality (4.15) that the matrix p(x, y) has a 
derivative (O/Off) p(x, y) with respect to the parameter fi, and 

]z, -~ ~-~pA(X, y)--~--~p(X, y) ~<constexp{-[min(s,t)] ~2} (4.16) 

Let us verify that 

[z,-1 ]A,-l fA ~pA(X, X)dx-~p(O, O) <~eA (4.17) 

where eA--~ CO when A --+ oo. Let A = (71, 72), As = (7~ +rA, y2--rA) where 
r A - - *  O0 when A --+ ~ .  Then from (4.15) 

]z, ' IA,-I IA, [~p~(x ,x)-~p(O,O)]dx <~constexp(-r~2 ) 

Let A 2 = (71, 71 + 2rA). By using the estimate (4.13) we may verify, that for 

~)--~-~-PA2(X,X) ~<constexp(--r32) (4.18) 

It follows from (4.18) and Lemma 4.1 that 

O~-~p~(x, x) ~<const r 2 (4.19) [z1-1 vp 
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Hence, 

[zl-llAl-lf~ el+rA1 +pA(X'X)--+ p(O'O) dx~c~ (4.20) 

Analogously, 

Iz,-' [AI -~ f,22 rA + pa(x' x ) - ~ p ( O ,  0) dx~<const tA1-1 r~ (4.21) 

Thus we have obtained the relation (4.17). 
Analogously, one can obtain the other statements of Theorem 5. 
Let us prove Theorem 3. We have the following formulas: 

( H:v.a) = - ~  In Q(A, N,/3), 

~2 
((HN.a -- (HN.A })2 } __ 3/32 In Q(A, N, fl) 

c~ 2 
((HA -- (HA })2> = ~ l n  Z(A, z, fl) 

d 
/3) = [ pax, Z--;- In Z(A, z, x) dx az o,1 

(HA)  = --~flln Z(A, z, fl) (4.22) 

(4.23) 

(4.24) 

where Q(A,N,/3), (ON.A) , ((HN,A--(HN,A))2), Z(A,z,  fl), (HA),  
( ( H A -  (Ha})  2 } are defined by (2.2), (2.3), (2.8), (2.13), (2.14), (2.16). It 
follows from Theorem 5 that under the hypotheses of Theorem 3 

l i m  IAI ' ~-a7-~ ~-, In Z(A, z, fl)= 
A ~ o o  (TIY UZ 

e~+ ~,~(z, fl) (4.25) 

uniformly for Iz[ ~<cl, /3e [/31,/32]; where 2(z,/3) certain function Cl, ill, 
/32 >0  arbitrary constants. ] 

k e m m a  4.2. Let Q(A, N, fl), Z(A, z, fi) be the same as above. Let 
the functions FN, A(X), FA(X ) be defined by (2.5) and (2.15), respectively. If 
for r = 1 , 2 , 3  

1 0 r  lira [AI -z-a-a~.lnQ(A,N, fl)=gr (4.26) 
e#" 

uniformly for/3 ~ [/31,/32], where gr(fl) a r e  bounded, g2(fl)> 0, then 

i 
x 

lira FN, A(X ) = (2~g2) -1/2 exp( - tZ/2g2) dt 
- - o o  

(4.27) 
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Analogously,  if for r = 1, 2, 3 

0 r 
lira ]AI -~ ~-71n Z(A, z, fi)= gr (4.28) 

uniformly for fl ~ [ i l l ,  f12], where gr are hounded,  gdfl) > 0 then 

lim FA(X) = (2~g2) 1/2 exp(-- t2/2g2) dt (4.29) 
- - o o  

Proof. Note  that  for any f u n c t i o n f ( x )  

x exp[-flEK(N, A)]  

where EK(N, A) are the same as in (2.2), in case the sum on the right is 
finite. Hence, for fixed s and [A{ > ( s f i - i )  2 

F O N'A(S) = -oo exp(sx) dFN.A(X ) = exp( - - s  I11-1/2/u,,_x,A >) 

x Q(A,N, f l ) - IQ(A,N,~-s lAI -1 /2)< +oo (4.30) 

Let us write the function ON,A(S) by means of the Taylor  formula 

~/2/rr ) + s  -1t2 3 lnON,A(S)=--slA] - \ * "  N,A }A} --~lnQ(A,N, fi) 

s 2 IAl-1 02 s 3 iAl3/2 03 
+ 2 ~  Ofi ~ In Q(A, N, fl) 3 ~  309 in Q(N, A, O) 

(4.31) 

where 10 - fit < JAI - 1/2 s. It follows from (4.30), (4.31), and (4.26) that  

lira I _ L  exp( sx )dFu ,A(x )=exp(g2s2 /2 )  (4.32) 

Thus Lemma 2 follows from the next Lemma 4.3. | 

Let Fn(x) be distr ibution functions. Let for all s t  L e m m a  3. 
[ - a , b ]  

;2  exp(sx) dFn(x)< +o% n>~no (4.33) 
- - o 0  
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and suppose that there exist the limits 

l i m  f 2  exp(sx)dF,(x)=exp(gs2/2)  (4.34) 

where a, b, g > 0. Then 

f 
3C 

lim F,(x)  = (2~g) -~/2 e x p ( -  tZ/2g) (4.35) 

Proof. Put 

f 
~X3 

O, ( s+ i t )=  exp[ ( s+i t ) x ]  dF,(x), n>~no (4.36) 
- -  o o  

where s e [ -  a, b], t ~ ( -  o% + oo ). It follows from (4.33), (4.34) that 0~ are 
analytical functions of the variable z = s + i t ,  and IO~(z)l<<.Mo, where 
M o <  +oo is a constant. The family {0,(z)} is compact according to the 
compactness principle tor families of analytical functions. It follows from 
the uniqueness theorem for analytical functions and relation (4.34) that 

lim On(s + it) = exp[g(s + it)2/2] 
17 ~ 0 0  

In particular, 

f 
o o  

lira exp(itx) dFn(x) = exp( - gt2/2) 
n ~ o :3  - -  o o  

Hence, the relation (4.27) is correct. Analogously, one can obtain also the 
second statement of Lemma 4.2. 

Thus we have obtained the proof of Theorem 3, Consider the function 

zN 
Oa,~,~(2) = Z(A,  z, f l ) - i  Z(A,  ze')'fi)= eiU~ Q(N, A, fi) (4.37) 

u=o N! Z(A,  z, 3) 

where z, fi > 0, 2 e ( - o% oo). We have 

;S Z N Q(N, A, fl) e iN2,], ( ~  
N! Z(A,  z, fi) = - -  ~ ~'A,z,r J d2 (4.38) 

In Ref. 8 it is shown that under the hypotheses of Theorem 1, the following 
estimate, 

[r ~exp(--]AI~), if [2[ > ]AI-~ (4.39) 
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holds for e > 0. It follows from Lemma 4.1 that 

<~ c,,~(fl, z) IA) 2r (4.40) 

where Cr, l(~) is a constant. We have 

+8 -I  

2 l~=/~' + ~ max  C~2/JA'~'r I~'-~1 ~ 82/~ (4.41) 

where e>0 .  If we take in (4.41) 12I>IAI -~, e=exp(-IAl~/2) then by 
using the estimate (4.39) we shall obtain 

(4.42) 

where g~(/~, z) is a constant. 
Now we expound in powers of Z the expression In @A,z,fl(/~) in the 

neighborhood p)~] < ]A]-~. We have 

In tkA,z,~(;t) = 2 ~2 in Z(A, 

2 2 8 2 
ze , fi) + R (4.43) + ~- ~-~ In Z(A, ~;~ 

where R is the remainder. It follows from the definition of the reduced den- 
sity matrices that 

~-~ ln Z(A, zei~, fl) '~,=o = i j~ pA(x, x) dx 

8Z 28--~-21n Z(A, zei~, fl) l~=o= - z  ~zp A(x, x) dx 

Let n(A, z,/~) = IAI--1 ~A PA( N, X) dx. In Ref. 8 it is shown that 

On 
zp(A, z, fl)=-;-~> 7(z,/?) 

o z  
(4.44) 

where ?(z, f i )>0,  and if ]AI 1N<col;  then the equation 

n(A, z, fl)= pAl-1N 
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has a unique solution Z(N, A, 3). Hence, we can find eA > 0, (~N,A > 0 such 
that 

In(A, z, 3 ) -  [A[ -~ NI ~< [A!-~/2 (4.45) 

for all 3 e (30 - Ca, 30 + eA), Z e  EZ(N, A, 30) - (~N,2, Z(N, A, 30) + 6u.a]. 
We have 

I e --iN2d' (/~t 'Z A,~,~ J dZ 
,~1 < IAI-~ 

= IAI ~/2 ~ exp{i# IAIVZEn(A, z, 3 ) -  IAI--1N] 
JI /z I < J A i l / 2 ~  

- - ~  zp(A, z, fl) + R(A, z, 3, IAI ~/2/~)} d# (4.46) 

where # =  IA[ 1/2 2. It follows from (4.25) that 

n(A,z, <~b~(z, 3), p(A,z, 3) ~b~(z, 3) (4.47) 

where br, /~r are constants. We can write the remainder R in the form 

f O , , f ~ f  0 ~3 R(A, z, 3, 2) = dt ds dh -~5 In Z(A, ze ~h, 3) 

Then from (4.25) we have 

R(A, z, 3, 2) ~<~ IAI ~'r(z, 3) (4.48) 

where br(z, ,6) are constants. It follows from (4.38), (4.42), (4.46), (4.45), 
(4.47), (4.48) that 

1 ~ 1 U 
IAI 83; in Q(N, A, ~) L,~=ao- IAI ~-~; in Z(A, z, 3)]a=a0 + o(1) 

if A ~ o% Z e  [Z(N, A, 30)--3N,~, Z(N, A, 3O)+6N, A]. Now Theorem 5 
follows from Lemma 4.2. 

5. PROOF OF T H E O R E M S  2, 4, A N D  6 

Let V(x), pA(X m, ym) be the same as in the theorem. In Refs. 1-3 it is 
shown that the reduced density matrices pA(X m, ym) can be written in the 
form 

pA(X,n, -x,,.,(y,),~- , PA( ~om, #% (5.1) 
H ,um = 0 
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where A, x m, ym, H, ( ~ ) H  are the same as in (2.21), #m= (/~t,..., #m ) is a 
multi-index, / ~ > 0  are integers, I#[=~ '=~/~j ,  (+) l~l  H is 1 for Bose 
statistics, ( - 1 )  I~1 for Fermi statistics, P~"+~(Arm~ denote the conditional ~zm,w m \~b J 
Wiener measure on the space 

f i  ~"~(Zj, Wj,  (# j - [ -1)J~) ,  P z m w m ( d  1 m ) =  l~l p( , . ,+ l),a(d~j) z~,w~ 
j = l  j 

if for example Ve (A), then 

1 ~ zm+l~l+rfA__ _ )~ f  ~ r p~(oT, ~,") = Z(A, z, ~) 2 r! d"r 2 (+ P,,r,l~u,~(d,7 ) 
r=O r H 

x C~A,co(O m, qr) e x p [ -  U(~o ~, gin, t ( ) ]  (5.2) 

Z(A, z, fl) is the grand partition function, c~ A c0(0 ~) = [I]]= 1 C~A(0j)] C~A~o(O") 
where the functional c~ A is defined 'by  (3.2), Aco= {(0~,..., 0,): 
min/~ j 10 i - -  Oj[ > CO} 

U ( ~  ,..., ('0m, #1  ..... ~ m ,  ~1 ..... ~ r )  

l <~i~j~rn ~=O t=O 

+ F, ~ v(o),(t + k p ) -  ~oi(t + l~)) 
1 ~i<~m O<~c<l<.#i 

+ ~ F, v(~o,(t+k~)-~j(t)) 1 (5.3) 
l <<.i<~rn l <~ ]~r  

Let Fr denote the set of all equivalence classes of permutations of r 
variables. We make use of the following notations of Ref. I: 

(i) If 7 e Fr, then 7j denotes the number of cycles of length j in the 
arbitrary permutation H e  7, h~ is the number of all permutation H e  7, h~ = 
r!lI1;_, [fJ(Tj !)]. 

(ii) h; dT=du~ En~, ( +_ )n P~,m,~(dqr). 
(iii) For a given H e y ,  VeFr, and qr=(t/~ ..... ?lr)ef'2(ur, ur, fl), the 

trajectories ~/~,..., r/~ are distributed in closed loops c corresponding to the 
cycles g of H; let COl(S ) be a trajectory in R ~, 0~<s~<(p~ + 1)~ then we put 

K(m,, la,, ]~)= 2 f(c) 
c r  

where c is the closed loop corresponding to the cycle g~ H 

f(c)=exp { -  f; j~=o~ V[c~ + Jfi)-q~(t)] d t}-  I 
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~U m (iv) Let O) m, be the same as in the Eq. (5.1); then we put  

F((1)m,[lm) ~-- ~ V ( c o ~ ( t + j ~ ) - - o o ~ ( t + ~ c f l ) )  

O~<J<K~/21 

j=O ~=2j~=O 
dt 

It follows from Ref. 3 that there exists a Zo > 0 such that for ]z] ~< Zo the 
1-point reduced density matrix pA(X, y) can be written in the following 
form: 

p~(x, y)= 

�9 F 2 ! 

• 2 
rq q" 7 ~ Frl 6eFt2 

• 

(~ ) l , u , I  P(x~,~v+ 1)B(dO)l) ~'q(O) 1, ]~1) 
#1 =0 q=O " 

E zN(7,&....a) 

a ~ Frq 

(5.4) 

x exp[--FI((Z)I~I)  ] K(o.)I ,  [21,7)  

x exp[ -F( r / ( i ) ,  e(~))] K(r/~ "l), e~), a) 

x exp[  -F(r / (~)-  l~(~)- 1, 0(~bz(~))] 

x K(r/2 , e2, 0(~17r(~))"' e x p [ - F ( ~  ()') ~+ 1, z(x)-~+ 1,...) 

x K(~(~ a), z(~ x), r (~), v ('1) exp[  - F ( z  (~), v(~ C~A~ ~ 

X t(J) l ( ' ) ,  O l ( ' - I I - f l )  ..... (J) l ( ' - { -  # 1 ~ )  .... ' ' ' )  (5.5)  

where r/(~) = (r/l, tl2,..., t/K,), t/i(s) are the closed loops which correspond to 
the cycles ge I I ,  H~  7 [see (ii), (iii)] the trajectory qi(s) is defined for 
0 ~ s ~ < ( ~ i + l ) / ? ,  i = l , 2 , . . . , k ~ ,  d = ( e l  ..... e~,); 0 ~, ~ .... are defined 
analogously; t/(r) 1 = (t/a,..., t/~7), g(7)--I = (E 2 ..... 8~c;,), ~(y)--2 = (~3 , ' " ,  ~:~,), 

e ('e) 2 = ( e 3 , . . . , e ~ ) ' " ;  N(7, 8,..., o-) denotes some integer which we shall 
indicate below; N(~) denotes the quanti ty of all cycles in re, the summat ion 
runs over all 7, 6,..., ~ such that N(7) + N(6) + ... + N(a) = q. 

Let us fix rl, r2 ..... rq, 7eF~j, 6eFr2,..., aeF~q in the formula (5.5). Let 
7j be the number  of cycles of length j in the permutat ion H1 e 7, J =  1, 
2 ..... r~, 6j be the number  of cycles of length j in the permutat ion H2 e 3 and 
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so on. Then the term in the expression IPm+l(dcol)~q(O)l #1) which x , y  

corresponds to the r l ,  r>...,rq, 7, F,..., a, and arbi t rary H 1 6 y ,  H2e6 .... 
according to (5.5) can be written in the form 

Z 1 + fll -~- q + N(7,...,o- ) ('~ (" 
+ . . . . . . . .  j j . . j  dxlldX12""dx171 - q ! r2 ! . . . rq  ! 

x dx21 dx22"'" dx2~"" dx~.~q 

• . . . . . .  d]4~rqO, q 

• ff f P,:;+ 1)fl(dco)P~H,xn(dt]ll)P~x,2,x~2(dY]12) "'" P xt,pxl,l(dl'll,7 ) 

x P~l.X2~(d~12,)... Pi~2,2.~2,;(d~2,2) 

�9 " Pq~ (dn ~ p~yn.y,(d011).., p,2~ ~dn - 
XrlYrl,XrlTrl \ "t r lYrl  ~" Yr2gr2,Yr2g~r2 \ ' l  r2,0r 21 

�9 . . p ~ , ~ . ~ . ( + . )  . . . . . .  p ~ e  ~ ( &  . . . .  ) 
rq,arq' rq,arq ~' q 

x C~A(CO ) Hc~a(o)ij) H~A(t/ij)'"He~(~ij) 

x ( iOl  { e x p l -  f f  j~=oV(C~ 

. . . .  (i~_l { e x p l - -  f f  V ( r /H( t ) - -Ol i ( t ) , d t ] - l } )  

. . . .  exp -- 
i ~ : = 0  

, ,  j}) • 2 V( - ~;.(t + kfl) - rr~,,(t + lfl)) dt - 1 
/ = 0  

x exp[  -F(co l , /~1)  - F(y) . . . . .  F(~j,, zj~,...) - F(%~,j ,...)] 

N(y, &..., 0-) = y2 + 2~/3 + " "  + ( r ~ -  1)} 'q  

-I- 3 2 n t- " ' '  -~  "~2 -~ 2-~3 + " ' "  + (h - 1 ) j  (5.6) 

Let us decompose  the space R v into cubes A(kl ,  k2,... , kv) which have 
edges with length ao where 1 ~< Ki< +0% i =  1, 2,..., v. Let 0 be a trajectory 
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oUo={(kl  ..... kv): O~A(kl , . . . ,kv)vL2J} ,  n ( 0 ) = l Y ] ,  Z n ( 0 ) = l  
Z,(0) = 0 otherwise, n = 1, 2. Pu t  

~(~o) = U U A(~i,..., <) 
(~b. . . ,~c~)~o IK i K'~< t 

and for any subset F c R  ~, [ F ] , = F i f  t = 0 ,  [ F ] t = R ~ \ F i f  t=  1. 
Let us rewrite (5.6) in the following way: 

Z1 + u + q +  N s ' s . . . . . .  
�9 a = l  a l l = l  a lTl= 1 a r l i , r l = l  b l l ~ l  

. . . . . . . . . . . . . .  u , y  ~ , ~ ' J  PCo,o(d~h,) 
br2d)r 2 = 1 grqCr q = 1 

. . . . . .  Pro~Bo(dzr,%) Z~(co) l-I Z~e(t/~j) . . . . . .  [ I  Xeo(v,fl 

x 2 2  . . . . . .  2 . . . . . .  Y, 
i l l  I -- 0,1 ill2 = 0,1 tlrlTrl = 0,1 tq,rq,Zrq ~ 0,1 

~ f ~ (  . . . .  ,lI ~; t i l l  t ) f  . . . . . .  fdxlldXl2 
, ~ ,..,, rq,C;rq, ,,,., q~rq,Crrq 

" ' "  d W  r qar q O~ A,co  ( (D Jr- X ,  (1)11 -~- X l l  , . . . " '  ")  

x ( f l  { e x p l - -  f :  
1 .i= 

. . . . . .  exp - ~ ~ V(r 
\ i =  1 , 'r l = 0  

x exp[  - F ( c o  1 + x ,  #) . . . .  ] 

if n(O) = n, 

(5.7) 

where 

Q ( X ,  (J), ~]11, /'/12 . . . . . . . .  TJrq, CXrq, t l l l ,  t112,. . . . . . .  tq,rq,arq) 
= { x o - x e  [-s i =  1, 2 ..... r l , j =  1, 2.. , ?i; 

Yi j -  Xll ~ [s - (2(0/j)]t20, i =  1, 2,..., r2, j =  1, 2,..., 3i ....... ; 

w; i -  zj, e [f2(r - (2(z;;)],q.;,,, 1= 1, 2,..., rq, i= 1, 2,..., a;} 
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Let Y-(a, all ........ gr ~ , t111, tH2," ...... t-r ~ ) denote the integral in the q, r , t ,  q, rq 

expression (5.7), corresponding to the indexes a, a11,..., tq,rq,,rq. Let us make 
the following procedure in the integral ~-. If/111 = -]- then we rewrite the 
expression 

{exp I -  f : j ~  ~ V(~o1( t+j f l ) -~111( t )+X-Xl l )d t] - I  } (5.8) 

in the form 

- f~ d[111I;: ~'.o V(Co1(t + J~)-tl11(t)+ x -  x11) 1 
j = 

xexp  --/111 jo 

In the case t i n - - 0  we leave the expression (5.8) without change. 
Analogously we transform the other curly brackets in the integral. Thus we 
can write 

~ - =  " . . . . .  IF] d~10 ~ d~2d" "" I~ d~q,/j 

ff f P(~+l)~ldc9 ' '~ , -  , u , y - x  t •' I r~),ol, a t ] l l ) ' "  P~,~_dTrq, c~q Za-  ) ( ) • 

f . . . . . .  fdX,ldXl  
( x  co r / i  I f f  t i l l  t l 1 2  f ) , , ,--- - " ,  q.rq, , ,-.-, q,rq,r 

. . . . . .  dwr~,% ~A(CO + X, tli 1 + 111,...) 

X I-I I--f~o ~oV(COl( t+j f l ) -~hi ( t )+X-Xl i )d t l  
i e ~'li j =  

. . . . . .  1-I - Y 
i ~o .~q , rq  t c = O  / = 0  

- * r ~ , , ( t  + l~)  + zj,, - w,~,,) dt] 

x exp -- U(eo(t),co(t+fl) ..... co(t+#l~),qH(t),rll~(t ) ..... ttal(t) 

r121(t + ~), q22(t),. ..... , rq,~e[t + (rq -- 1)fl]) dt] (5.10) 
A 
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where s~'~= {/j: t~ej= l } ,  d~ ,=  {i: t~,~: 1}, U =  Utm,,,n,...,,q,+% is some con- 
tinuous function. It follows from the (2.7), that 

U>~ -2(71 +272+  " '  +rl"Tr~+61 

+ 262+ . . . . . .  + ) q + 2 2 2 +  ' "  +hj)B 

Let i~SCq+. Then in the expression (5.10) we have 

I~j,(t + ~c~)- zr+~(t + lfl) + zi+- Wr+i[ >~a o (5.11) 

Hence 

h rq-- 1 1 
f dWrq,i E ~ IV(~j.(t+~c3)-~rq,,(t+13)+zJ.-Wrq.i)L 

~c=O l = 0  

<~h.rq'A (5.12) 

Furthermore, note that 

fn dw<<" cla~n(~)'n(a) (5.13) 

where c 1 is a constant. By using these observations it is possible to show 
that 

l i~All 

l i ~ zaf2/ 

. . . . . .  H 
t - l = l  iE dql 

x exp[2/~(71 + 2 7 z +  ""  + r i T r l + 3 1 +  "'" +h' j)B] 

rl Yl 

/ = 1  i = 1  

rq ~l 
. . . . . .  H H P~o~,o(n(z,,)= g,.,) 

/ = 1 i = 1  

(5.14) 
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where c~ is a constant. It follows from Ref. 3 that for any t > 0 

f Pto~o(dco ) exp[tn(co)] ~< (2~lfl) -~/2 c( t )  ~ 

where c ( t ) <  +oo is a constant. Hence, 

p ( u l  + 1 ) M  . . . .  /7(CO) = a) 
0,0  i, u J .  

rl )~l rq {7 l 

x I-[ l-[ PtoP, o ( n ( q . ) =  a . ) " ' [ ]  l-[ P~.o(n(r.)= g.)  
/ = 1  i = l  l = l  i = 1  

~< (2~Zfll f l ) -  ~/2(2~fl ) -,,u/2 C(t)m+ rl + "'" +rq 

(5.15) 

Now we want to obtain the estimate for the value c?~-fi?fl. We shall 
apply Lemma 3.3. Let A(k~ ..... k~) be the same as above. Let us denote by 
F., N various connected domains of the type 

ro,~ = U A(k~ ..... k~), Io~,~1 = n, 
(KI,...,Kv) E ~ n , N  

OeF,, ,N,  n = 1, 2 .... 

PupZn,u(co)=l if n(co)=n, cocF~,  N 

(5.16) 

Z~,N(CO) = 0 otherwise. A simple argument shows that 

zo(co) = ~ z~,~(co) 
N 

Hence 

(5.17) 

zo(co) [ I  zo;{~;) . . . . . .  IPI z~{~) 

= ~ E 2 zo,~,(co) H z~,~,~(,o) I-I z~;~;(~j) (5.18) 

We substitute this expression in (5.10) and denote by 3-(A, A~,..., Groom) 
the corresponding term. Let Za, A(co) IV[ Z~,),A~(t/~) ' '"  [ I  Zgua~j(rij) = 1. Then 
the domain O(x ,  co, qH,..., .'Cqa' rq' t i l l ' ' ' "  lq,rq.arq), does not depend on co, r/, 
rh~,..., ~q,rq and we denote it by t2(x,  a, a~l,..., gq,~q, A, A H  .... ). It is evident 
that a functional of the form of Z,,N(CO) can be written as a sum )G,N(CO) = 
~]r~ ~e er(co) where 1~#[ ~< 2" and the functionals ~r(CO) are defined by (3.2). 

822/40/1-2-23 
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Thus we can write the integral J ( A ,  A l l  ,. . . . . . .  G~t,G~, ) as a sum of integrals of 
the form 

< =  " Fl ~0  I1 ~ , ~ "  
ijc A 1 i,j~ ~r 

X ff2( ..... 11 ... . . . .  Grtarl) f . . . . . .  f dXlldXl2 ...... dWrq~rre 

. . . . . .  P;q~o(d'rre,% ) ~,(co, r/n ,..., r~,%) 

x czA(o~ + x  , rtn + x n , .  ...... "%% +x~%)  

X E I - - f :  ~oV(~165 
/ e d i t  j =  

. . . . . .  ~ [-- f2 ~ r~i~l V(~Jn(t@ls 
iedq,rv K = 0  l = 0  

+ zjn- Wrq, i) dt] exp I -  f: U(co(t), cn(t + fl),...) dt I (5.19) 

where e e~Ar, )jVJ ~<2a+:c~o + ' +xg0 [see expression (5.10)]. Let ~r be the 
Wiener integral in (5.19). We may estimate the derivatives ~k~,j~flk by 
means of the Lemma. After a simple but enough tedious computations, in 
which estimates of the type (5.12) are utilized, one can obtain the following 
estimate: 

a~2 < [~2(~)] Z',,+z'a,+ ~, 

• [ O, (~lflA)'~'"(c~a)"-'~" H ali] 
I l iGdafll 

I =1 ] . . . . . .  (~j.l~A)l~rq,,l(clkj.F,-I~'~,,l I] g,, 
I i~q,I 

rl 
• p(O, y - x ,  (1 +,ullfl) H (2~zlfl) -v'e'/2 

l = 1  

x H (2rtIfi) -~a'12.'" ~ (2=lfl) -~,/2 (5.20) 
1 = 1  l = 1  

where c2(fl) is constant. 
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It follows from our argument that 

- ~  <~ c ~ + ~ ~  +~g~f (5.21) 

where ~q is the quantity on the right-hand side inequality (5.14). Further- 
more 

~ J  ~ - 1  IJ(/~+~)l-+-~-~ IJ-(/~)l + ~  max (5.22) 
a/~ ,e'-el-<, a/~ 2 e=~' 

where e >0 .  Let t > 2 1 n c ,  e = e x p [ - ( t / 2 ) ( a + ~ a ~ + . . .  + ~ g o ] "  Then 
from the relations (5.14), (5.21), (5.22) we have 

c~fl - 5 a + Z a ( / +  "'" +~"g'J (5.23) 

There are h~',h~a2,..h~q terms of type (5.6) in the expression 
~P(U,+1)~(doo~)~q(C%,#~). In addition we must multiply the estimates - - x , y  

(5.23) by the expression z l + " ' + q + U / ( q ! ' " r q ! )  and sum over various 
till ,  t~2,..., tq,r,%. It is easy to show that this sum does not exceed the 
quantity. 

'( )} • ~, [Izjc ,( t ,  fl)]'-~/(27rlfl)~/2- 5 a + ~ a e j +  "" + ~ g u  (5.24) 
/ = 1  

where q ( t, fi ) is a constant. If 21zl exp(fl A ) < q ( t, fi ) - ~, t > 2( 27rfl ) - v/z 
then the sum of these quantities with respect to various #1, q, a, all . . . . .  gq,rq 

is finite. Thus 

~-~pA(x, ~ Cl(fl) Y) 

where c~(fi) is a constant. One can show that i f / /~  [ill,  f12], rz] ~< z(fll, f12) 
then 

c~r+~ y,,) 
z - " p A ( X  m, ~ C . . . . .  (5.25) 

where 0 < f l l < f l 2 < + o e ,  z ( B ~ , 3 2 ) > 0 ,  c . . . . .  are constants r = 1 , 2 , 3 ,  
to, m = 1, 2 ..... Now the statements of Theorem 6 follow from the results of 
the Refs. 1-3 and estimates (5.25). 
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It follows from the relations (5.4), (5.5) and estimates (5.24) that if 
z > 0 is sufficiently small then 

O 2 1 O 2 
z I P~,y(&O) > 0 p(O, o) > 

where p(x, y) is the limit 1-point reduced density matrix. Thus the 
hypotheses of Lemma 4.2 are fulfilled (see Section 4), for the grand par- 
tition function. Hence Theorem 4 is proved. 

The proof of Theorem 2 is similarly to the proof of Theorem 1, In 
order to take advantage of the method which we have applied in 
Theorem 1 we must only obtain the estimate for the derivatives (Or/Off ") 
Z(A, z, fl)-I Z(A, ze  i;', f l)  where I~1 > IAI-=. We have 

~ , ,  In fl) ~<Cr Z(A ,  ~, 

where, f ie  [ill, f12], 0 < f l l < f l 2 <  +oo, ~ is complex, [~[ < z  1, Cr are con- 
stants, r : 1, 2, 3. Hence, if z > 0 then 

~---fi Z(A, z, fl)-~ Z(A, ze~, fl)] 

o " 8) 
<~lZ(A,z, fl)-l Z(A, zei;',fl)] -~-filnZ(A,z, fl)-i Z(A, ze% <~2cl 

Analogously it is possible to estimate the other derivatives Theorem 2 is 
proved. 
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